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NEIGHBORLY POLYTOPES

BY
IDO SHEMER

ABSTRACT

A 2m-polytope Q is neighborly if each m vertices of Q determine a face. It is
shown that the combinatorial structure of a neighborly 2m-polytope determines
the combinatorial structure of every subpolytope. We develop a construction of
“sewing a vertex onto a polytope”, which, when applied to a neighborly
2m-polytope, yields a neighborly 2m -polytope with one more vertex. Using this
construction, we show that the number g(2m + B,2m) of combinatorial types of
neighborly 2m-polytopes with 2m + 8 vertices grows superexponentially as
B— (m =2 fixed) and as m — © (B = 4 fixed).

1. Introduction

In this paper we deal with simplicial k-neighborly d-polytopes in general, and
in particular with neighborly (i.e. m-neighborly) 2m-polytopes.

In sections 2 and 3 we establish general combinatorial properties of such
polytopes.

In sections 4 and 5 we present and investigate a construction of “sewing” an
additional vertex to a neighborly 2m-polytope.

By repeated use of this construction we obtain in section 6 lower bounds for
the number g(v,2m) of combinatorial types of neighborly 2m-polytopes with v
vertices. g(2m +4,2m) increases superexponentially with m, and g(v, m) tends
to infinity superexponentially with v for each fixed m = 2.

The techniques developed in sections 2-5 are used in [11] to prove that a
non-cyclic neighborly 2m-polytope with v =2m +35 vertices has at most 2m
cyclic subpolytopes with v —1 vertices.

The notation and conventions in this paper follow [6]. In addition, we denote
by [A1, As, -+ -] the set conv (A, U A, U- ), where A, A,,---CR%If a ERY,
then [---,a,---] stands for [---,{a}, - -].
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All the polytopes in this paper are simplicial polytopes but not a simplex,
unless otherwise specified.

Throughout the paper, the letter P denotes a d-polytope, and Q denotes a
neighborly 2m-polytope.

We shall use the following characterization of faces [6, sec. 2.1, th. 11]: If P is a
polytope and T Cvert P, then [T]€ F(P) iff aff T N[vert P\T]={.

We say that a point x € R covers a face ® of P if x lies beyond all the facets
of P that include ® (see [6, ch. 5]).

By a subpolytope of P we mean the convex hull of a subset of vert P.

We suppose that the reader is familiar with the basic facts about neighborly
and cyclic polytopes (see [6, sec. 4.7 and ch. 7], and 8, pp. 82-93]), in particular
with Gale’s Evenness Condition.

2. Neighborly polytopes

In this section we are concerned with properties of the boundary complex of
neighborly polytopes. The main result is that the combinatorial structure of an
m-neighborly 2m-polytope determines the combinatorial structure of every
subpolytope.

Lemma 2.1. Intersection lemma. Let S,,---,Sc be subsets of R If
mle[S.«]#@ and if a =31 Ajha;, € ﬂi;l[si] where A1 >0,A;,20,a;,ES;
(1=j="n), ZiL1 A1 =1, then there are subsets T, CS; (1=i =k) such that

w N [r1#e,
@ DTSk -1d+k
(3) a, € T].

Proor. Let

V=R& DD =(RXRY)X--X(RXR?)

k-1 times

For x € R? and 1 =i =k define a point x' € V as follows:

x'=(-1,-x0,---,0); for2=i=k-1, x'=(0,-,0,1,x,—1,-x,0,---,0);

(i—-2)d+1) (k—i-1)d+1)
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finally, x* =(0,---,0,1,x). Define also A = UL {x':xeS}.
For 1 =i = k there are points a; € S; and numbers A; 20, 1 =j = r, such that
i A =1 and a = Zj, Aza;:. Then
o 1 1 cwl,
XM=l pAn>0 and X ¥ hai=0vEV.
i=1j= i=1j=1
Hence Ov € conv A. Applying Carathéodory’s theorem to the set A in V we find
subsets T, CS, 1 =i =k, such that a,, €T, ¥, | T, |=(k —1)(d +1)+1 and
0y €conv(U:_ {x" :x ET}}). A close look at the definition of x' reveals that
0, € conv(U;_, {x' : x € T.}) implies M conv T, # & O

We shall use this lemma later with k =2.

DErFINITION 2.2. Let S be a subset of vert P. [S] is a missing face (m.f.) of P if
[S] is not a face of P but for every proper subset T of S, [T] is a face of P.
(Compare [3, def. 2.1].)

We say that [S] is a missing k-face (k-m.f.) of P if [S] is a m.f. of P and
dim[S]= k.

REMARK. Definition 2.2 remains meaningful even if we drop the assumption
that the polytope P is simplicial. Also, Theorems 2.3, 2.4, 2.5 and their proofs
hold for general polytopes.

THEOREM 2.3. If S CV =vert P, then S} is a mf. of P iff
(1) Pnafis =[S],

) @#[S]N[V\S]Crelint[S],

(3) |S|=dim[S]+1.

PrOOF. Suppose [S] is a m.d. of P. Clearly [S]CPNaffS. If xEPN
aff S \[S], then there are points y E relint[S], z € relbd [S] such that z € (x, y).
There is a proper face F of [S] such that z € F. F is a face of P. Theny € P\ F,
z € F, hence x & P, a contradiction. Hence P N aff § = {S]. [S] is not a face of P,
hence affSN[V\S]#D. So [SIN[V\S]=PNnaffSN[V\S]=affSN
[V\S]#@.

If TGS then [T] is a face of P, hence a face of [S}]. So {S] is a simplex and
dim[S]=]|S|-1.

If x Erelbd[S], then x €[T] for some TES. [T]E€ F(P), hence [T]N
[VA\T]=Q. So x&[V\T] and a fortiori x&[V\S]. Therefore [V\S]N
relbd [S] =&, hence [V\S]N[S] Crelint[S].

Now we turn to the converse part of the theorem. Suppose S C V satisfies (1),
(2), (3). To prove that [S]is a m.f. of P it clearly suffices to show thatif T& S and
|T|=|S]|—1, then [T]€ F(P). Let x €S, T =S \{x}.
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(A) PNaffT=PNafiSNaff T=[S]Nafi T =[T].

(B) We claim that [T]N[V\T]=O. If not, then there is a point
a €[T]N[V\S,x]. There is a point b €[V \S] such that a €E[b,x]. bE
aff{a,x} since a#x. It follows that be€affSN[V\S]=[S]N[V\S]
Crelint[S]. Since a €[b,x], a# x, we obtain a Erelint[S], a contradiction.
From (A) and (B) we get

af TA[V\T]=PNaff TN[V\T]=[T]N[V\T]=2. 0

THEOREM 2.4. A k-neighborly d-polytope P has no j-m.f. with j <k or
j>d-k

ProOF. It is obvious that P has no j-m.f. with j <k. Suppose § CvertP =V
and [S] is a j-m.f. of P. Then [S]N[V\S]# & (Theorem 2.3). Applying the
intersection Lemma 2.1 we find subsets 7,CS, T,C V\S such that [T}]N
[T2}#& and | T\ |+| T:|=d +2. T, = S, because otherwise [T}] is a face of P,
and then

[TIN[TCITIN[V\T]=2.

|T.[zk +1, because P is k-neighborly. Therefore j+1=|S|=|T\|=
d+2)—|T|=@+2)~(k+1),j=d k. 0

An immediate consequence of Theorem 2.4 is the well-known fact:

THueOREM 2.5. If P is a k-neighborly d-polytope and k >1d, then P is a
simplex.

There are many problems concerning the determination of %(P) from some
partial information about (P). A natural question is: under what circumstances
does skel,#(P) determine F(P)?

TueorReM 2.6. If P is a simplicial k-neighborly d-polytope, then F(P) is
determined by its (d — k)-skeleton ; moreover, if S SvertPand |S|>d —k +1,
then [S]€ F(P) iff [T} € F(P) for every TCS with |T|=d -k +1.

PROOF. Assume S GvertP, |S|=d -k +2. If [S]€ F(P), then TCS im-
plies [T] € #(P), since P is simplicial. If [S] & F(P), then there is a set T C S,
such that [T]is m.f. By Theorem 2.4, | T|=d —k +1. O

An immediate consequence is

THEOREM 2.7. If Q is an m-neighborly 2m-polytope then skel,.Q determines
F(Q).
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It is known, though much harder to prove, that the combinatorial structure of
every simplicial polytope P of dimension 2m or 2m +1 is determined by
skel.Z(P).

THEOREM 2.8. Let P, P* be k-neighborly d-polytopes, not necessarily simpli-
cial. Suppose vert P = V,vert P* = VU {x},x& P, TCV,dim[T)= d - k. If for
every SE T, [S,x] € F(P"), then [T]Cbd P.

Remark. The assumption, that {S,x]€ F(P*) for all SE 7, implies that
T U{x} is affinely independent and therefore dim[T}=|T|-1.

Proor. If S& T then [S,x]€ F(P*), hence [S]€ F(P). Therefore [T] is
either a face or a m.f. of P. Assume [T] is a m.f. of P. Hence dim[T]=d —k
(Theorem 2.4). Butdim [T} = d — k, hence dim[T]=d —k and | T|=d — k +1.
If [VAT]Nrelint[x, T] # < then from the intersection Lemma 2.1 we obtain
subsets SCT and RCV\T that [R]N[x,S]#J and |R|+|S|+1=d +2.
[R)& F(P*), hence |R|zk+1. |S|=d+1-|R|=d-k Hence SGT.
[x,S)€ F(P") contradicts [x, S)N[R] # &. Therefore [V \ T]Nrelint[x, T] =
&

Let H be a hyperplane that separates V\T from [x,T], V\TCH",
TU{x}CH". [T]is a mf. of P, hence there is a point a Erelint[T]| N[V \T]
(Theorem 2.3). It follows that a € H, hence TCH.So VCH ™, [T|Cbd P. a

CoroLLARY 2.9. If P is a simplicial polytope then the hypotheses of Theorem
2.8 imply [T] € B(P)= F(P)\{P}.

We conclude this section with the following result: The combinatorial
structure of an m-neighborly 2m-polytope determines the combinatorial struc-
ture of every subpolytope. A somewhat different proof of this result appears in
{10}.

THEOREM 2.10. Let Q,Q" be m-neighborly 2m-polytopes, vertQ*=
vert Q U{x}, x& Q. Then F(Q") determines ¥(Q).

Theorem 2.10 is an immediate consequence of Theorem 2.7 and the following
lemma:

Lemma 2.11.  Under the assumption of Theorem 2.10, skel,.F(Q") determines
skel . Z(Q); moreover, if TCvertQ, | T|=m +1, then [T) € F(Q) iff either

) [TIeF(Q7), or

() [T #(Q"), but [{x,S]€ F(Q") for every SGT.
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Proor. Let T Cvert Q,|T|=m +1.1f (1) holds then obviously [T] € (Q).
If (2) holds then Corollary 2.9 implies [T] € F(Q). Conversely, if [T] € F(Q)
but [T]€ #(Q™") then x lies beyond all the facets of Q that include T.
Therefore, if S CT, then x lies beyond some facet of P that includes S. But if
S G T, then [S] € #(Q"). Therefore x lies beneath at least one facet of P that
includes S, hence [S, x] € F(Q™) (see [6, section 5.2]). O

The following alternative formulation of Theorem 2.10 will be useful in the
sequel:

THEOREM 2.12. Let Oy, Q; be m-neighborly 2m-polytopes and let the bijection
¢ :vert Q,— vert Q, be a combinatorial equivalence between Q, and Q..

If A Cvert Q,, then the restriction of ¢ to A is a combinatorial equivalence
between [A] and [¢(A)).

3. Universal faces

DerINITION 3.1, Suppose ® € B(P)(= F(P)\{P}). ® is a u-universal face
(u-u.f) of P if [®,S]€ B(P) for every S Cvert P with |S|=w.

Define B(P,u)={® € B(P): d is a u-uf. of P}. Note that B(P,0) = B(P),
and &€ B(P, k) iff P is k-neighborly.

DEerINITION 3.2. @ is a universal face (uf.) of P if &€& B(P,u) with
u = [}(d-dim ® — 1)] = [4(d — | vert ®|)]. A 1-dimensional u.f. is called a universal
edge (u.e.).

Definitions 3.1 and 3.2 can be reformulated using the notion of a quotient
polytope P/® introduced in [8, ch. 2, th. 16]. (A quotient polytope P/® is a
polytope K whose face lattice #(K) is isomorphic to the upper segment [P, P]
of #(P).)

DeriNITION 3.1%. &€ B(P,u)iff either (a) u =0 and ® € B(P),or (b) u >0
and the quotient polytope P/® is u-neighborly, with | vert P | — | vert @ | vertices.

REMARK. dim P/® =dim P —dim® — 1 = dim P —|vert ®|. Since we assume
that P is not a simplex, |vert P|>dim P + 1. Therefore, if ® € B(P,u), u >0,
then |vert P/®|=|vert P|—|vert®|>dim P/®+1, i.e., P/® is not a simplex,
and therefore u =idim P/® =idim P.

DeriNiTION 3.2*%. @ is a u.f. of P iff either (a) @ is a facet of P, or (b)
& € B(P) and P/® is a neighborly (i.e., [} dim P/®]-neighborly) polytope with
[vert P |—|vert®| vertices.
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One can use Definitions 3.1 and 3.2 in the case where P is a simplex. The
various remarks that follow these definitions remain valid if we adhere to the
convention that a simplex A is u-neighborly for 0 = u =dim A only.

THEOREM 3.3. Let P be a k-neighborly d-polytope. If ¥, € B(P,u;) for
i=1,2andt=u,+u,+k—-d=0, then ¥V =[¥,¥,]€ B(P,1).

ProoF. Assume A Cvert P\¥ and [V, A|& B(P). It suffices to show that
|A|>1

There are three pairwise disjoint sets B CA, T, Cvert¥,, T, Cvert ¥, such
that [T, T>, B] is a m.f. of P. By Theorem 24, |T\|+|T:|+|B|=d -k +1.
[T,,¥,,B]Z€ B(P), hence |T.|+|B|Zu,+1. By the same reasoning
|T.|+|B|zu,+1. Therefore d—k+1+|B|Z|T)|+|T.|+2|B|Zu+u,
+2,hence |A |Z|B|zu+u+k—-d+1=t+1. ]

The next theorem is a very useful special case of Theorem 3.3. From this point
onward, the letter Q will always denote an m-neighborly 2m-polytope.

THEOREM 3.4. Let ¥,,---, ¥, be pairwise disjoint universal faces of Q. If ¥,
has 2v; vertices (1=i=l)andv,+---+v,=m,then ¥ =[V,,-- -, ¥,] isa uf. of

Q.

RemMARK. If @ is a face of Q with 2j vertices, then ® is a u.f. iff ® is an
(m—j)uf.

Proor. Theorem 3.4 in its full generality follows from the case [ =2 by
induction on [. For [ =2, apply Theorem 3.3 with d =2m, k = m, u, = m - v,,
U= m — v, |

Let C = C(v,2m) be a cyclic 2m-polytope with v vertices. There is a natural
cyclic order on vert C. Assume that a,, a.," - -, a., a: are the vertices of C in this
order. From Gale’s Evenness Condition it follows that [a;, ;1] (1 =i <v) and
[a., a,] are u.e.s of C, and if v Z2m +3 then C(v,2m) has no other u.e.s. See
also [3, section 3]. The existence of a hamiltonian circuit of u.e.s characterizes
cyclic polytopes:

THEOREM 3.5. Assume |vert Q |=2m + 3. If Q has a simple circuit of length v
consisting of universal edges, then Q = C(v,2m).

Proor. Case I: v <2m +3.

Choose 2m +3 — v vertices of Q which are not in the given circuit, and add
them to the vertices of the circuit. The resulting set spans a subpolytope Q' of Q.
Q' is neighborly, hence Q'= C(2m +3,2m) (see [6, th. 7.2.3]). The edges of the
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given circuit are u.e.s in Q', but Q’, being a cyclic polytope with 2m + 3 vertices,
has only one simple circuit of u.e.s of length 2m + 3, a contradiction.

Case II: v=2m +3.

Suppose that the vertices of C(v,2m), in their natural cyclic order, are
a,- '+, a,a:. Let ¢ be a1l:1 mapping of vert C(v,2m) into vert Q, which maps
the cycle a,,- -, a, a; onto the given circuit of universal edges of Q. Gale’s
Evenness Condition and Theorem 3.4 imply that ¢ induces a 1: 1 mapping of the
set of facets of C(v,2m) into the set of facets of Q. By Lemma 3.6 below, ¢ is a
combinatorial equivalence between C(v,2m)and Q. (]

LeEMMA 3.6. Suppose ¢ :vert P-—>vert P’ is a bijection. If for every facet F of
P, F' = [¢(vert F)] is a facet of P', then ¢ is a combinatorial equivalence between
Pand P'.

Proor. Since the incidence graph of facets and subfacets of the polytope P is
connected, it is enough to verify the following assertion:

If F', G’ are two adjacent facets of P’ (i.e., F' N G' is a subfacet of P’) and if
F'= ¢(F) for some facet F of P, then G’ = ¢(G) for some facet G of P.

Indeed, consider the set ¢ ~'(vert (F' N G)). Since P and P’ are simplicial, this
is the set of vertices of a subfacet H of P. H is included in precisely two different
facets F, G of P. Since ¢ (F)=F’, ¢(G) mustbe G’'. O

REMARK. Lemma 3.6 holds even without assuming that P and P’ are
simplicial. The proof in the general case is slightly more involved, and uses
induction on dim P.

As we mentioned above, every proper face is a 0-u.f. The next two theorems
can be considered as generalizations of Theorem 2.6, and Corollary 2.9 to
Theorem 2.8.

THEOREM 3.7. Assume P is a k-neighborly d-polytope, S GvertP. [S] is a
u-uf.-of Piff [T] is a u-uf. of P for every TCS with |T|=d -k -u+1.

ProOF. If [S]Z %B(P,u) then there is a set A CvertP\S, |A|=u with
[S, A] & B(P). There are sets T CS, B C A such that [T, B] is a m.f. of P, hence
|T|+|B|=d-k+1 (Theorem 2.4).

Case I: |T|sd-k—-u+1.
Then [T] & B(P,u) a contradiction.

Case II: |T|>d-k—-u+1.
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Suppose RCT, |R|=|T|-(d—-k—-u+1). Then |T\R|=d -k —u+1,
T\RCS and [T\R]Z ®B(P,u) since |BUR|=|B|+|R|=|B|+|T]|
—(d-k-u+)=@-k+1)~-(d-k-u+1)=u 0

THEOREM 3.8. Assume P,P* are k-neighborly d-polytopes, vertP*=
vert PU{x}, x&€P, J# A CvertPand |A|>d -k —u.
If [A\{g},x] € B(P",u) for every q € A then [A) € B(P,u).

ProOF. We have to show that if W CvertP\A, |W|=u, then
[A, W] E B(P).

If [W|<u, choose any qEA; then [A, W, x]=
[A \{q}, x, WU {q}] € B(P"), hence [A, W] E B(P). Now assume that | W |=
u. Then |[A UW|=|A|+u>d-k. By Corollary 2.9 it suffices to prove that
[S,x]€E B(P*) forall STAUW.

Assume ST A U W.If S2 A choose a point g € A\ S; then [A \{q},x, W] E
B(P*), S C(A\{g})U W, hence [S,x]€ B(P*). If SD A, then WNSG W.
Choose any g € A; then[S,x] =[A \{q}, x, (W N S)U{q}] € B(P"). a

CoroLLARY 3.9. Let Q,Q" be neighborly 2m-polytopes, vertQ"'=
vert QU{x}, x€ Q. If O# A CvertQ, |A |Z2 and if [A\{q},x] is a uf. of
Q" for every q €E A, then [A] is a uf. of Q.

PrOOF. |A|=2j with j=1 or |A|=2j—1 with j =2. In both cases apply
Theorem 3.8 withd =2m, k =m,u =m —|. ]
We shall use this corollary later with | A | =2.

THEOREM 3.10. If |vert Q | =2m + 3, then the graph of the universal edges of
Q is either a hamiltonian circuit, or a union of disjoint simple paths.

Proor. In view of Theorem 3.5, it is sufficient to prove that no vertex of Q is
included in three u.e.s of Q.

Suppose x, a, b, ¢ are distinct vertices of Q, and [x, a], [x, b}, [x, c] are u.e.s of
Q. Choose a set A of 2m — 1 vertices of Q other than x,a,b,c, and define
Q'=[x,a,b,c,A]. Q' is a neighborly 2m-polytope with 2m + 3 vertices, hence
Q'=C(2m+3.2m). [x,a], [x,b], [x,c] are u.es of Q’, but no vertex of
C(2m +3,2m)is included in three u.e.s, a contradiction. O

4. The sewing construction
- In this section we describe a construction, called sewing, and some related
notions. This construction, first introduced by the author in [9], will play a
central role in the sequel.
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The “facet-splitting” operation of Barnette [5] is, in a sense, dual to our
sewing construction. We shall discuss the relationship between these two
constructions in section 7.4.

DerINITION 4.1, If ¥ € #(P) and M Cvert P\'V, then we say that M is a
missing face of P relative to V¥ if [M, V] & B(P), but [M', ¥] € B(P) for every
MGM

Define: M(P/¥)={M:M is a m.f. of P relative to ¥}. Finally define:
M(P) = M(P/D).

ProrpositioN 4.2. (1) M(P/P)={Z}.

(2) If F is a facet of P, then M(P/F)={{q}:q EvertP\F}.

3) M e M(P) iff [M] is a m.f. of P.

(4) If M € U{(P[Y), then there is a set Sin M(P) suchthat MUV DS DOM.

(5) If ¥ € F(P), then for every vertex b in vert P\'V there are sets M and N in
M(P[|¥) such that b EM and b N.

If Q is a neighborly 2m-polytope then the following properties hold too:

6) If M E M(Q) then |M|=m +1.

(7) If Yisa uf.of Q,|vert¥|=2jand M € M(Q/¥), then |M|=m —j+1.

8) Visau-uf of Qiff | MNY|=m — u for every M € M(Q), or equival-
enty, if |M\¥|Zu +1 for every M € M(Q).

In particular

(9) E is a u.e. of Q iff no element of M(Q) includes vert E.

Proor. (1)-(4) follow immediately from Definitions 4.1 and 2.2. In order to
establish (5), take M ={b} U C, where C is a minimal subset (with respect to
inclusion) of vert P\ (¥ U {b}) such that [b, C, ¥] € B(P) but [C, V] € B(P), and
take N to be a minimal subset of vert P\(¥ U {b}) such that [N, V] & B(P).

(6) and (7) follow from Theorem 2.4, and (6) implies (8) and (9). O

DEFINITION 4.3. A tower in P is a strictly increasing sequence I = {®,}}-, of
non-empty proper faces of P. Sometimes we shall adjoin the empty face as a first
element @, of 7. If ® € F(P), denote by F, the set of all facets of P which
include ®. We denote F,, by % (in order to avoid double subscripts). Note that
FIOD% D% Define € =P, T)=F\(FN\(-\F) ). Itis easy to
see that € =(FI\F)U(F:\F)U--- where the last term in the union is
F-1\ F if k is even or %, if k is odd. With the convention that % = and
®, =P for j>k we can simply write €=U, (%.-1\%,) and similarly
F\ € = Uioo(Fx \ Fai), where %, is the set of all facets of P.

We say that J = {®;}/%, is a universal tower (u.t.) in Q if
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(1) Q is a neighborly 2m-polytope,

2 disauf.of Qforl=j=m,

(3) |vertd;|=2j for I=j=m.

Let & be a set of facets of P. We say that a point x € R* lies exactly beyond 9
with respect to P if x lies beyond every facet of P that is in & and beneath every
other facet of P. If it is clear from the context what is the polytope P, we omit the
phrase “‘with respect to P”.

LEMMA 4.4. Let T be a towerin P, € = €(P, J). Then there is a point x € R*
which lies exactly beyond €.

Proor. By induction on the height k of 7. If k =0, define € = . In that
case every point x € int P lies exactly beyond €. If k =1, let 7' = 7 \{®,} and
€' = € (P, J"). By the induction hypothesis, there is a point x’ € R, which lies
exactly beyond €’. Note that €'C%, and € =%, \%". Choose a point
p Erelint®, and let x =(1+¢)p ~ex'. If ¢ is positive and sufficiently small,
then x lies exactly beyond €. O

The construction which we have just described will enable us to construct a
large variety of neighborly polytopes by adding new vertices to existing
neighborly polytopes.

From here until the end of section 4 we adhere to the following convention:

CoNvENTION 4.5. Q is a neighborly 2m-polytope, Q is not simplex, J =
{®;}~is au.t. in Q, € =€(Q,T), x lies exactly beyond € with respect to Q,
and Q" =[Q,x].

Define S; = vert ®; \®;_, forj =1,2,---,m + 1 (recall that &, = and ¢, = Q
for j > m).

THEOREM 4.6. (1) QF is a simplicial 2m-polytope and vertQ*=
vert Q U {x}.

(2) Q7 is neighborly.

(3) If 0<j=m is even, then ®; is a uf. of Q".

4) If0<j=misodd, then ®;isnota uf.of Q", butif j <mthen ®;isstill a
face of Q™.

(5) If a €; for some 1=j=m, then [®;_,a,x] is a uf. of Q.

LemMa 4.7. (1) vert Q* =vert Q U{x}.
(2) If M Cvert Q U{x}, then M € M(Q") iff either (a) M = U’ S,,_, U A for
some integer 0=j=(m+1)/2 and some A € M(Q/Dy), or (b) M=
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! 182 U A U{x} for some integer 0= j = m/2 and some set A € M(Q[D;;..).
(Note that ®,.., = Q and #(Q, Q)={<}.)

PROOF. Step 1: We show that if M is of type (a), then [M] & B(Q").

Assume M = U, S, ,UA, A EM(Q/D,),0=j=(m+1)2.1f j =0, then
[M]=[A]€ B(Q). Assume j >0, hence S;CM.

Let F be a facet in Fu;, and let i be the maximal integer » suchthat 1= v =j
and F € %,,-,. Then F& %,,, since otherwise, if u <j then F € %,,.,, because
Sy CMCF, and if w=j then FOA U®,; in contradiction to A €
M(Q/®,;). Therefore Fung C UL (Fao-1\ F2. ) C €. It follows that if M is of type
(a), then [M] & B(Q").

Step 2: We show that if M is of type (b), then [M]& B(Q"). Define
M~ = M\{x}. The rest of step 2 is similar to step 1: we prove that Fn-C
U’ oo (%2 \ F1) C %o\ € and conclude that [M] & B(Q*).

Step 3: Now we show that if S Cvert Q and [S]& 8B(Q"), then S includes a
set M of type (a). Since [S] & B(Q™), it follows that if F € %, and F D S, then
Fe<4.

Let j be the first nonnegative integer such that [S,®,]& B(Q). Clearly
2j=m +2. Since ®,, € B(Q") for even m, it follows that 2j = m +1.

We proceed to show that S,,-,CS for 1= v =j. Since [S, ®,,,] € B(Q), if
S2.-1£ S then Q has a facet F such that FO S U®,,,, FA®,,_,, hence F& €
— a contradiction. Since [S,®,;]& B(Q), S includes a set A €M(Q/D,)).
soM=U_S, .U A, M is of type (a). From this it follows that vert Q C
vert Q. x € vert Q, by the definition of x, hence assertion (1) follows.

Step 4: Now prove that if x €S Cvert Q* and [S] £ %B(Q*), then S includes a
set M of type (a) or (b). Denote S~ = S \{x}. If [S"] &€ B(Q™), then S~ includes a
set of type (a), by step 3. If [S"] € B(Q"), then one can show, as in step 3, that S
includes a set of type (b).

Step 5: Note that all the sets of type (a) or (b) have m + 1 elements (see 4.2(7)).

Step 6: Let S be an element of #(Q"). S includes a set M of type (a) or (b) (by
steps 3, 4). But [M] & B(Q") (by steps 1, 2). Hence M = S, and § is of type (a) or
(b).

Step 7: Conversely, assume M is of type (a) or (b). [M] & B(Q™), hence M
includes a set S € #(Q"). By step 6, S is of type (a) or (b), hence [S|=|M|=
m + 1. It follows that M = S € #(Q™).
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ProoF oF THEOREM 4.6. (1) and (2) follow immediately from Lemma 4.7.

(3) Assume 0 < 2p = m. By 4.2(8), in order to prove that ®,, is a u.f. of Q7 it
suffices to show that | M \®,, |2 m —2p +1 or, equivalently, |[M N®,, |=2p
for every M € M(Q").

Case I: Assume M=S,U---US,,,,UA, AEM(Q/P;). If j=p, then
[IM\®,, |=|A\Dy |Zm —2p+1, since [A,D,]ERB(Q). If j=p, then
IMN®,, | =|S;U- US| =2p.

Case II: Assume M =8, U---US; UA U{x}, A EM(Q/P;..). If j<p,
then [M\®,, |=1+|A\®, |Zm —2p+2.If j=p, then |[M N, | =2p.

4) Assume 1=2p+1=m. Take M=S5U---US,,nUA for some
A € M(Q/®D,,.,). Then M € M(Q*), | Dzpe1 N M |=2p +2, hence D, is not a
uf. of Q*. If j is odd and < m, then ®;,, € B(Q"), hence Y, € B(Q™). In fact,
®; is an (m —j — 1)-u.f. of Q™.

(5) Case I Assume 2=2p =m, a € S,, and consider ¥ = [®,,_, a,x].

SubcaseIa. M =S,U---US;,UA, A € M(Q/D;).If j =p, then | M\ V¥ |=
|A\®, |Zz2m—-2p+1.1f j=p, then |[MNV¥|=|S;U-- U Ss-|=2p.

Subcase Ib. M =S,U---US;; UA U{x}, A €M(Q/P;..). If j<p, then
IM\YV|zZ|A\Dy |Z2m—2p+1. It iZp, then IMNY|=
[S;U - US,,U{a,x}|=2p.

Therefore ¥ is (m —2p)-universal in P*.

Case II. Assume 1=2p+1=m, a €S,,,:, and consider ¥ =[D,,, q,x].

Subcase Ila. M=8§U---US;1UA, A€EMQ/DPy) If j=p, then
IM\¥|z|A\ @y |Zm—Q2p+1D)+1. If j>p,  then |MNY|=
[SiU---USyU{a}|=2p+1.

Subcase IIb. M =S,U---US,; UA U{x}, A € M(Q/Dz..). If j=p, then
IM\¥|Z|A\®pu|Zm-Qp+1)+1. If j=p, then |MNV¥|=
1+|S;U---US, [=2p +1.

Therefore ¥ is (m — (2p + 1))-universalin Q*. Ol

THeoreM 4.8. If VERB(Qu), YND,,=F and |¥NS,|=1, then
Ve B(Q*,u).

Proor. Assume M=U._S,  UA, A€EMQ/P,;) or M=
UI_1S. UA U{x}, A € M(Q/D;.,). Define r =2j — 1 in the first case, r =2j
in the second case. There is a set M € .#(Q) such that A U®,,,DM D A. If
r<m,then | MN¥|=|ANY|=|MNY|=m—ulf r=m, then [ MNV¥|=
1. If u=m, then ¥=, hence 0=|MN¥|(=m—u=0. If u<m, then
IMN¥|=1=m—u O
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THEOREM 4.9. If YEB(Qu), ¥Nd,. =T, a€S,, bES,.,,, I1=p<m
and [V,a,b] € B(Q,u —1), then [V,a,b]E€ B(Q*,u —1).

PrROOF. We use the same notations as in the proof of Theorem 4.8. If r = p,
then|[ MN(WU{a,b})|=|ANT|+1=|MN¥Y|+1=m—-u+1.Ifr <p then
IMNWU{a,bh)|=|ANTU{ab)|sIMN@U{a,b)|l=m—(u-1). O

THEOREM 4.10. An edge E of Q is a u.e. of Q" iff either

(1) E=[a,x] and a €ES,, or

(2)Eisa u.e. of Q and either () EN®,, = or (b) E =[a,b] witha € S, and
b €S, for some 1=p=m.

ProoF. Inview of Theorems 4.6(5), 4.8, 4.9 and 3.10 it suffices to prove that if
E =]a,b}] is an edge of Q and either

(@) a €S, bgd,., for some 1=p <m, or

(B) E =[S,] for some 1=p =m,
then E is not universal in Q.

PrOOFOF(a). Ifa €S, bZ P,,;, 1 = p < m, then by 4.2(5) b belongs to a set
A EM(Q/D,..). {a}U A is included in a m.f. of Q* (of type (a) if p is odd and
of type (b)if p is even). But [a, b] C [a, A], hence [, b] is not universal in Q~.

(B)follows immediately from Lemma 4.7. a

In the rest of this section we deal with the problem of embedding the complex
RB(Q, u) of u-universal faces of Q (see Definition 3.1) in the boundary complex
of a neighborly 2(m — u)-polytope.

This material will not be needed in subsequent sections.

If [vert Q | =2m +2, then the structure of Q is well-known (see [6, pp. 98,
108]). Q has two vertex-disjoint missing m-faces A,, A,, and B(Q, u) is the free
join of skel._._:A; and skel,._,_,4,, i.e. if S CvertQ then [S]€ B(Q,u) iff
[SNA|=m—uand |[SNA|=m—u

It follows that every u-universal (2m —2u —2)-face of Q is included in
precisely u +2 u-universal 2m —2u — 1)-faces of Q, consequently, B(Q, u) is
not embeddable in the boundary complex of any 2(m — u)-polytope, unless
u=0.

From now on, assume that |vert Q| =v =2m +3.

For cyclic polytopes the situation is simple: If Q = C(v,2m), v Z2m + 3, then
B(Q,u)=B(C(v,2(m —u))) for u=0,1,---,m —1, and the isomorphism is
given by any mapping of vert Q onto vert C(v,2(m ~ u)) which preserves the
natural cyclic order of the vertices. Moreover, if the vertices of Q lie on the
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moment curve x(t)=(,¢% - -,1*™), or on the trigonometric moment curve
x(6)={cos 8,sin §, - - -,cos m@,sin m), then C(v,2(m — u)) can be taken as the
image of Q under the orthogonal projection of R*" onto the subspace
R*™ ) = {(xy, - *, X2m-), 0, - ,0) : x; € R}.

In the case u =m —1, Theorem 3.10 solves the problem stated above:
R(Q, m — 1) is isomorphic to a subcomplex of the boundary complex of a convex
v-gon.

Now we shall see that the embeddability of B(Q, u) is preserved by the sewing
construction.

THEOREM 4.11.  Suppose Q, is a 2(m — u)-polytope (0<u <m), |vert Q, | =
{vert Q |, and a is an isomorphism of B(Q, u) into B(Q.). (This implies that O, is
neighborly.) Assume also that Q* =[Q, x] is obtained from Q by sewing at x
through a u.t. 7.

Then there is a polytope Q7 = [Q,, x.}, obtained from Q, by sewing at x, through
an appropriate u.t. J., and an isomorphism o of B(Q",u) into B(Q3).
Moreover, a*(q)= a(q) for all g € vert Q.

Proor. Define 7, ={a®;}*. It is easily checked that 7, is u.t. in Q..
Choose x, to be a point that lies exactly beyond €(Q., J.), and let Q=
[Q., x.].

Define a*:vert Q*— vert Q; by a*(x) = x,, a*(q) for g € vert Q. In order to
show that a* extends to an isomorphism of B(Q™, u) into B(Q7), we must
prove that if § Cvert Q" and [a*S] & B(Q;) then [S] & B(Q~, u). It suffices to
prove this for § Cvert Q" such that [a”S] is a m.f. of Q.

Assume [a*S] is a m.f. of Q.

Case I: a*S =a(S$;US;U---US,-)UaA where 0=j<j(m—u+1)and
aA E M(Q./aDy), or j=3m —u+1)and A = (see Lemma 4.7). It follows
that $=SUS;U---US; ,UA and [aA,a®,;]& B(Q.). Therefore
[A,®,]Z B(Q,u), hence there is a set BCvertQ, |B|=u and
[A, B, ®,;} & B(Q)-

If Fis afacet of Q and FOSUB, then FE(F\F)U - U(Fy3\ Foj2) U
F»;-, and F& F,;. Hence [S, B]Z $B(Q"), and consequently [S]Z B(Q™, u).

Case II: 'S =a(S;US,U---US;)UaA U{x.,} where 0=j<i(m —u)
and aA € M(Q,/aD;.), or j=m ~u)and A =2.

As above, we find that S = S, U S, U---UA U{x} and [A, ®;.,] € B(Q, u).
There is a set B Cvert Q such that |B|{=u and [A, B, ®;..] € B(Q).
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If Fis a facet of Q and FOBU(S\{x}), then FE(F\F)U - U
(%2 \ %j1), hence [S, B] & B(Q"), and therefore [S] & B(Q™, u). O

Theorem 4.11 states that, in an appropriate sense, (Q7). = (Q.)".

It is probably not true that for every neighborly 2m-polytope Q (with
|vert Q |=2m +3) and for all 1=u =m -2, the complex B(Q,u) can be
embedded in the boundary complex of a neighborly 2(m — u)-polytope Q.,
though we have no counterexample.

5. Reconstruction theorems

If Q, 7, €, x and Q" are as in Convention 4.5, then we say that Q" is obtained
from Q at x by sewing through the tower J. We claim that the tower 7 is
determined by Q" and x in the following sense:

If Q" is obtained from Q at x by sewing through any tower ', then 7' = J.

In order to prove this it suffices to show that if €(Q,J)= €(Q,J’) then
J =T, because Q" and its vertex x determine € (see Theorem 2.10).

LemMMA 5.1. Let @ be a u.f. of Q with 2j vertices, ¥ a u.f. of O\with 2j+2
vertices and ¥ D ®. Then ® = N (Fo\ Fy) (see Definition 4.3).

Proor. Obviously ® C N (Fs\ Fv) C Q. Suppose y € vert Q \ . We have to
show that Q has a facet F such that FO®, FZ2V¥ and yZ F. If y € ¥\ ® then
every facet of Q which includes ® and does not contain y is in Fo\ Fy.

Suppose yZ¥. By 4.2(5) there is a set A CvertQ\(¥ U{y}) such that
[A, ¥] 2 B(Q)and | A | = m — j (Proposition 4.2(7)). Since y & [®, A], it follows
that Q has a facet F such that ® CF, A CF, y& F and necessarily ¥ Z F. CJ

THEOREM 5.2. For i =1,2, let I be a universal tower in Q. If €(Q,J,)=
(6(0, g—z) then g.l = g-z.

ProoF. Let 7 ={®;}*, be a u.t. in Q. We shall prove that € = €(Q, 7) and
#(Q) determine ®; (i=1,---,m).

Denote by %, the set of all facets of Q. We proceed to define by induction a
sequence €, 6., - - - of subsets of F,, as follows:

(€1=(€, and ‘€;={F690\‘€,-_1:ﬂ(€,~_1CF} fOrj>1.

We claim that ®; = N ¢ forj=1,2,--- m. Assume 1=j=m and ®, = N &
for all i, 1=i<j It is easy to prove, by induction on i, that € =
Us 2o(Fiszn \ Fiszonr) for 1=i=j. In particular F\F..CE CF. For j<m,
Lemma 5.1 yields &, = N(F\F) D NE DODNF =P, hence &, =NE. If
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j = m, then €, = %.,, hence ®,, = N €,. For j > m, it can be easily checked that
€ =3. a

THEOREM 53. Let Q,Q" be neighborly 2m-polytopes, vertQ*=
vert QU {x}, x& Q. Suppose a,b EvertQ, a#b. If [a,x] and [b,x] are
universal edges of Q~, then [a,b] is a universal edge of Q.

Theorem 5.3 is a special case of Corollary 3.9. It can also be deduced directly
from the following theorem:

THEOREM 5.4. Let Q,Q" and x be as in Theorem 5.3. If a €Evert Q, then
[a,x] is a u.e. of Q" iff all the facets of Q that x covers contain a.

PROOF. Suppose [a,x] is a ue. of Q. For 0<A <1 let z=2z(A)=
(1-A)a + Ax. It is easy to see that [Q, z] is an m-neighborly polytope. If Q had
a facet F such that a Z F and x lies beyond F, then A could be chosen such that
z € aft F, contradicting the simpliciality of [Q, z].

Now suppose that all the facets of Q that x covers contain g. Assume
A CvertQ, |A|=m—1. We have to show that [a,x, A]€ #(Q"). Since
[a, A]€ F(Q7), it suffices to prove that Q has a facet F such that x lies beyond
F and {a}U A CF. But [A,x] € #(Q"), hence Q has a facet F that includes A
and is covered by x. Necessarily, a € F. O

PROOF OF THEOREM 5.3. Suppose [a, x], [b,x] are u.e.s of Q*. If A CvertQ,
|A|=m—1,then [A,x] € F(Q"), hence Q has a facet F such that FD A and
x lies beyond F. By Theorem 5.4, F D {a, b}, and therefore [a,b,A] € F(Q). O

The same technique leads to a proof of the next theorem.

THEOREM 5.5. Let € and 9 be sets of facets of Q. Let x, y be points in R*™ \ Q,
such that x lies exactly beyond € and y lies exactly beyond 9. Assume both [Q, x]
and [Q, y] are neighborly 2m-polytopes with |vert Q |+ 1 vertices. If € C %D then
€=9.

PrOOF. For 0<A <1, define z =2z(A)=(1—A)x +y. It is easy to see that
[Q, z] is a neighborly polytope (z covers enough, but not too many facets of Q)
and the simpliciality of [Q, z] for every choice of A, 0<A =1, implies that
P2\€=0. O

As a matter of fact, | €| is a function of v =|vert Q| and m only:

v-m-—1
1€]= ( m-—1 ) ’

The next theorem is a converse to Theorem 4.6.
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THEOREM 5.6. Let Q,Q" be neighborly 2m-polytopes. Assume vert Q* =
vert Q U{x}, x& Q and let T ={®;}1, be a tower in Q with |vert®, | =2j for
=12, m If

(1) @, is a ut. of Q" for every even j, | =j=m, and

(2) [®5p,x] is a uf. of QF for every even j, 0=j <m and p € vert ®;,,\ ¥;
(here ®,= ),
then J is a universal tower in Q, and Q" is obtained from Q at x by sewing through
9.

Remark. If P is a subpolytope of P*, and @ is a face of both P and P, then
there is a flat H such that the corespondence ¥ — ¥ N H is an isomorphism of
the upper segment [®, P*] of F(P*) onto ¥(P* N H), and the same correspon-
dence is an isomorphism of the upper segment [®, P} of F(P) onto F(P N H)
(see [8, pp. 72-73)).

PrOOF. Denote by & the set of facets of Q covered by x. We have to show
that 7 is a u.t. in Q and that 2 = €(Q, 7) (see Definition 4.3).

Assume j is even, 0 =< j < m. Consider the polytopes Q/®; and Q*/®,. They
are neighborly 2(m — j)-polytopes, and vert Q*/®; = vert Q/®; U {[®;, x]/®;} by
the remark above. By Corollary 5.3, ®;,,/®; is a uf. of Q/®,. Therefore
[®;.1, A}/, is a face of Q/D; for every A Cvert Q \®, |A |=m —j—1. Hence
®;,, is a uf. of Q. It follows that J is a u.t. in Q.

Denote by x’ the vertex [®;, x}/®; of Q/®;. From condition (2) and Theorem
5.4 it follows that if x’ lies beyond the facet F' = F/®; of Q/®; then F D ®;,..
{(Note that x’ lies beyond F' iff x lies beyond F.) It follows that N &; C ., for
even j, 0 = j < m. The same conclusion follows from condition (1) for j =m, if m
is even (%1 = ). Therefore @ N (F;\ F..) = for even j, 0=j=m, hence
N U{(F\NF):j even}=O, ie., @C%(Q, 7). By Theorem 4.6 and
Theorem 5.5 we conclude that @ = €(Q, 7). )

Theorem 5.6 says that we can tell from partial information about the structure
of #(Q) whether Q is obtained by sewing at a given vertex x through a given
tower 7. The next theorem shows how this implies “commutativity” of our
sewing procedure.

DerFiNITION 5.7. If  isa u.t.in Q, let Q(J) denote the class of all polytopes
that are obtained from Q by sewing through J.

THEOREM 5.8. For 1=i=p, let J; be a ut. in Q. Assume the sets
U g, 1=i=p, are pairwise disjoint (i.e., AET, BEJT, and i# j imply
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A N B =O). Then there are points x;, 1 =i =p, such that [Q,{x;:i €T}, x;] €
[Q,{x: : i ET}(T;) for every subset T of {1,---,p} and foreveryjin {1,---,p}\T.

ProoF. By Lemma 4.4 and Theorem 4.8 it follows easily, by induction on k,
1=k =p, that there are points x,,---,x, such that the sequence
(x1, 71), * *, (x5, T,) satisfies

(*) [Q, %, %] E€[Q, x1,, %a](F) forl=k=p.
Theorem 5.8 follows from the next lemma. O

LeMMA 5.9. Under the assumptions of Theorem 5.8, if the sequence
{(x;, T;)¥-1 satisfies (*), then the sequence {(x.;), T} -1 satisfies (*) for any
permutation w of {1,---,p}.

Proor. For p =1 there is nothing to prove.

Assume p = 2. Consider the faces of [Q, x,, x,] whose universality is asserted
in Theorem 4.6, parts (3) and (5), with x = x, and J = J,. Obviously, each such
face is a u.f. of [Q, x.], and by Theorem 5.6, [Q, x,] € Q(J>). Now consider the
faces of [Q, x;] whose universality is asserted in Theorem 4.6, parts (3) and (5),
with x = x, and J = 7. By Theorem 4.8, these faces are u.f.s also in [Q, x,, x,],
and by Theorem 5.6, [Q, x,, x1] €[Q, x:](7). Therefore the sequence (x,, 7>),
(x1, 7) satisfies (*).

Now assume p > 2. We say that 7 is an admissible permutation of {1, - - -, p} if
{Xagy Tw)}i-1 satisfies (*) whenever {(x;, J;)}:-; satisfies (*). Since the set of
admissible permutations is closed under multiplication, it suffices to show that
the transpositions (i,i +1), 1 =i < p, are admissible.

Let x4, +,x, be points such that (*) holds for (x,, 73), -, (x,, 7,). Assume
1=i<p. We shall show that the sequence (x,J1), ", (Xis1, Tin1),
(x,J:),- -+, (x,, T,) also satisfies (*). The only parts of (*) that are not
self-evident for this sequence are [Q',x..(]€ Q'(Jin) and [Q',xiy,x]E
[Q', x:1](T:), where Q' =[Q, x4, -+, x;—1]. But these assertions follow from the
case p = 2, applied to Q' and to the sequence (x;, 7:), (Xi+1, Ti+1). O

Note that the proof of Theorem 5.8 given here holds even if the assumption
that the sets U 7, are pairwise disjoint is replaced by the following slightly
weaker condition: Assume J; = {®;,, -+, ®, .} for 1 =i =<p, thend,,_, N D,,, =
@ and @ NP, |[S1fori#j, 15ij=p.

It would be interesting to know what is the freedom in choosing the points
X1,° "+, X, in case we do assume that the towers J, - - -, 7, have pairwise disjoint
unions.
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The following might be true:
If [Qx]€Q(T) for 1=i=p, then [Q,{xi:i ET}, ;] E€[Q,{x; : i ET}(T;)
for every I'C{1,2,---,p} and j €{1,2,- - -, p}\T.

6. Lower bounds

Repeated application of the sewing construction described in section 4 yields
lower bounds for the number g(v,2m) of combinatorial types of neighborly
2m-polytopes with v vertices.

We start with a cyclic 2m-polytope C(v,2m) with v vertices, v =2m + 3, and
“sew” it repeatedly.

The main results are as follows:

2m +2)!

THEOREM 6.1. g(2m +4’2m)>3-2"'+3(m 121

(The right-hand side is asymptotic to (V2/6)(2m/e)" as m — )
THEOREM 6.2. g(Cm +1)p+2,2m)=4pm —p)! forp =2,3,---.

PrOOF OF THEOREM 6.1. Let K be C(2m +3,2m). Assume that vertK =
{ai,az," * *, Qzma3}, and that ay, @y, -« *, @zma3, a1 is the circuit of universal edges of
K. AutK, the group of combinatorial automorphisms of K, is precisely the
dihedral group of order 2(2m + 3) consisting of rotations and reflections of the
circuit ay, as, -+, Qamss, 4.

Consider pairs (Q,x) where Q is a neighborly 2m-polytope with 2m +4
vertices and x is a distinguished vertex of Q. Two such pairs (Q, x), (Q’, x') are
considered isomorphic if there is a combinatorial equivalence
¢ :vert Q — vert Q' with ¢(x) = x'. The number of isomorphism types of such
pairs is clearly at most 2m +4)g(Zm +4,2m).

Now let us count the number of isomorphism types of pairs (K*, x), where K*
is obtained from K at x by sewing through a u.t. 7. Consider two such pairs
(K7, x;), with K € K(9;), i =1,2. If these pairs are isomorphic by a mapping
¢ :vert Ki — vert K; such that ¢(x;) = x,, then ¢y = ¢ | K is an automorphism
of K, and ¢ maps €(k,J,) onto €(K, 7>). It follows from Theorem 5.2 that
¥(T)=T..

The converse is obvious: If 7, is mapped onto 7 by an automorphism of K,
then the pairs (K71, x;), (K3, x,) are isomorphic.

Thus, the number of isomorphism types of pairs (K*, x) considered above is
precisely the number of equivalence classes of u.t.s of K under Aut K.
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Every u.t. in K can be transformed by a suitable rotation to a tower with
®, =[ay, a,]. With &, fixed, P, can be chosen in 2m + 1 ways, then ®; in 2m —1
ways and so on. (Note that K/®; is a cyclic polytope of type C(2(m —i)+
3,2(m —i)), for 0 = i < m.) Therefore the number of u.t.s in K with @, =[a,, a,)
is 2m +1)2m —1)---7-5. There is only one automorphism ¢ of K, except the
identity, that maps the edge ®,=[a,,a;] onto itself (Y (ai)= aznss: for
3=i=2m+3).

Only one u.t. is fixed by . It follows that the number of equivalence classes of
u.t.s in K under AutK is precisely {(1+Q2m +1)2m —1)---5).

We conclude that 2m +4)g(2m +4,2m)> L%, (2i +1). a

If we repeat the reasoning in the proof of Theorem 6.1 with K =
C(2m +3,2m)replaced by K = C(v — 1,2m), we conclude that g(v,2m)—  as
v —», But the following construction yields a better lower bound.

ProoF oF THEOREM 6.2. Let K be a cyclic polytope C(v,2m) with v =
2mp +2  vertices, p=2. Assume that vertK={a,a,---,a,} and
a,as," ", a., a, is the circuit of u.e.s of K. We say that a; and g; are successive
vertices if j=i+1. A family o ={0(i,j), 1=i=p, 1=j=m} is called a
partition of vert K if:

(1) a(i,j) is a set of two successive vertices of K, 1=i=p, 1=j=m.

2) o) ={az az}, 1Si=p.

(3) o (ij)Claz+s, azpess )}, 1Si=p, 1<j=m.

(4) Every vertex of K, except a, and a;,.,, is contained in some o (i,f).

From (1)-(4) it follows that the sets o (i,j) are pairwise disjoint.

For every partition o define: 7; = Ji(o)={[o (i, 1), -, 0 (i, D}y, 1 =i =p.
For 1si=p, i is a ut. in K, and the sets U 7, for 1=i =p, are pairwise
disjoint. By Theorem 5.8 there are points x; =x;(c), 1=i=p, such that
[KAx; :j €TL ] €K, {x; : j ETH(T:) for T C{1,- -, p}\{i}.

Define K° =K, x1,*-+,x,]. K” is a neighborly 2m-polytope with v +p =
(2m +1)p +2 vertices. We shall show that the number of distinct combinatorial
types of polytopes K* is at least one half the number (pm — p)! of partitions.

Define an equivalence relation on the set of partitions as follows: o ~ 7 if
K- =K"

In order to complete the proof, it suffices to show that an equivalence class of a
partition contains at most two elements.

Assume o ~ 7, and let f: K° — K" be a combinatorial equivalence.

If E isau.e. of K then either E is a u.e. of K or x; = x.(c) E vert E for some
1=i=p. K” is sewed at x; through J; (Theorem 5.8), hence [x;,ax] and



